Abstract. A polygonal chain is the union of a finite number of straight line segments in R 3 that are connected end-to-end. Two chains are considered to be equivalent if there is an isotopy of R 3 that moves one chain to the other while keeping the segments rigid. Each segment must remain straight during the isotopy and the lengths of the segments may not change, but bending and twisting are allowed at the joints between the segments. Chains may be knotted and stuck in this category even though all chains are topologically trivial. Cantarella and Johnston have classified polygonal chains with five or fewer segments. In this paper we classify polygonal chains of six segments.
Introduction
Polygonal knots are knots that are made up of a finite number of straight line segments. Such knots are a topic of current interest because, for example, they are more representative of knotted chemical structures than are their topological counterparts. Research in the area has focused on such problems as determining the minimal number of segments needed to construct a given knot [2] and on determining which knots are equivalent via isotopies that keep the number of segments fixed [3] .
Deleting a segment from a polygonal knot yields a polygonal chain.
A polygonal chain is a topological embedding of the interval into R This research was conducted as part of a Research Experiences for Undergraduates project during the summer of 2002 while the first author was an undergraduate student. The project was partially supported by an REU supplement to NSF grant number DMS-0206647. 1 We distinguish between "polygonal" and "piecewise linear." In the piecewise linear category subdivision is allowed, but we use polygonal to indicate that the triangulation is fixed and no subdivision is allowed during the isotopy.
embeddings of the interval are equivalent in both those categories. In fact, every polygonal chain is equivalent to the trivial (straight) chain via an isotopy that keeps the number of straight segments fixed but allows the lengths of the segments to vary [4] .
Polygonal chains become interesting when they are studied in the category in which both the number of segments and the lengths of those segments are kept fixed during any isotopy. Cantarella and Johnston [4] were the first to study chains in that setting. They proved that all chains are unknotted if the number of segments is fewer than five and they classified all chains of five segments. They found that for chains of exactly five segments whose edge lengths are fixed, the number of equivalence classes is either one or three, depending on the relative lengths of the segments.
In this paper we will classify all chains of six segments. Our main result asserts that there are at most 13 equivalence classes of such chains. The exact number of equivalence classes varies, depending on the relative lengths of the segments. For each nontrivial equivalence class we identify we prove a theorem that specifies conditions on the lengths of the segments that allow knotted chains in that class to exist.
As explained in more detail below, there is at least one surprise in what we found. Most of the equivalence classes we identify are to be expected based on straightforward generalizations of the work of Cantarella and Johnston. But we also found two equivalence classes whose existence we had not suspected before we began this project. More specifically, the only way in which a chain of five segments can be knotted is if both the first and the last segments have lengths that exceed the sum of the lengths of the interior segments. For the most part this generalizes in an obvious way to chains of six segments; in most cases a six-chain cannot be knotted unless one of the first two segments and one of the last two segments have length that exceeds the sum of the lengths of the all the segments between. We found, however, one type of six-chain that does not fit the pattern. These 6-chains can be knotted with much less variation in edge lengths.
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Definitions and statement of the main theorem
In this section we give formal definitions of the concepts that were described informally in the Introduction. This will allow us to state our main result.
Definition. An n-chain is the union of n straight line segments in R
3 . An n-chain consists of n+1 vertices v 1 , v 2 , . . . , v n+1 and n edges e 1 , . . . , e n . For each i, 1 ≤ i ≤ n, e i is the straight line segment from v i to v i+1 . It is required that e i ∩ e j = ∅ when |i − j| > 1 and e i ∩ e i+1 = {v j } when j = i + 1.
1. h 0 is the identity, 2. h t (x) ∈ Ch n (l 1 , l 2 , . . . , l n ) for every t, and 3. h 1 (x) = y.
The problem addressed in this paper is that of classifying n-chains up to chain isotopy. Cantarella and Johnston have solved the problem for n ≤ 5. [4] ). For any positive numbers l 1 , l 2 , l 3 , l 4 , there is only one equivalence class in Ch 4 (l 1 , l 2 , l 3 , l 4 ). If l 1 < l 2 + l 3 + l 4 or l 5 < l 2 + l 3 + l 4 , then there is only one equivalence class in Ch 5 (l 1 , l 2 , l 3 , l 4 , l 5 ). If l 1 ≥ l 2 + l 3 + l 4 and l 5 ≥ l 2 + l 3 + l 4 , then there are exactly three equivalence classes in Ch 5 (l 1 , l 2 , l 3 , l 4 , l 5 ). The last observation gives a hint about what to expect when we add more edges to the chain. There is a natural way in which to associate a polygonal knot with n + 1 edges to each polygonal chain with n edges. To do this, simply shift the vertices into general position and connect the endpoints with a straight line segment. It is known [3] that the only knot types that can be realized as polygonal knots with six edges are the trivial knot and the trefoils. From this point of view it is natural to expect nontrivial 5-chains to correspond to trefoils. The knot types that can be realized as polygonal knots with seven segments are the trefoils and the figure-eight knot [3] . Therefore we expect to find 6-chains that correspond to trefoils and figure-eights. That is exactly what we found. Here is a statement the main theorem. In the next section we will describe the various equivalence classes in more detail. There are six classes of trefoils because it is possible to start with a trefoil five-chain and add the sixth edge in three different ways. The fact that there are so many classes of figure-eights came as a surprise to us. We found two essentially different ways in which to form a figure-eight with six edges. For certain edge lengths these two types of figure-eights are equivalent, but for other edge lengths they are not. We consider that discovery to be one of the more surprising results in this paper. For each figure-eight we are including its mirror image as a separate class. For figure-eights of the first type we also include the chain obtained by keeping the same knotting pattern but reversing the order of the edges. This gives us a total of six figureeight classes. For trefoil 5-chains, reversing the order of the segments in the chain produces an equivalent chain, but we prove that that is not the case for figure-eight 6-chains. In two cases our inequalities are not sharp and so there are certain edge-lengths for which we do not completely determine the number of equivalence classes. In general there is a serious shortage of algebraic invariants for polygonal knots and chains, and so it is often difficult to prove that two classes are really different.
Theorem 2.1 (Cantarella and Johnston

The classes of 6-chains
This section contains a census of equivalence classes of 6-chains. We describe the various classes of 6-chains and state theorems that indicate when they can be truly knotted.
3.1. Unknots. Definition. We refer to an n-chain as the trivial, or unknotted, chain if it is chain isotopic to a chain all of whose edges lie in a straight line. The chain is nontrivial, or knotted, otherwise.
Obviously Ch n (l 1 , l 2 , . . . , l n ) will always include one class of unknotted chains.
Outer trefoils.
The simplest way to form a knotted 6-chain is to begin with a knotted 5-chain and add an extra edge. There are several different ways in which the final edge can be added and we begin by giving names to them.
Definition. The first and last edges of a 6-chain are called outer edges and the other four edges are called inner edges.
Definition. An outer trefoil chain is a 6-chain such that the first five edges form a knotted 5-chain and the sixth edge is added in such a way that it can be isotoped to lie in a straight line with the fifth edge. A reverse outer trefoil chain is a 6-chain such that the last five edges form a knotted 5-chain and the first edge is added in such a way that it can be isotoped to lie in a straight line with the second edge. There are two types of outer trefoils, one based on a right-handed trefoil 5-chain and the other based on a left-handed trefoil. The diagrams of the outer trefoils and reverse outer trefoils will look the same; the only difference is that the edges are labelled in reverse order. The way we have defined them, outer trefoils are always nontrivial 6-chains since an outer trefoil contains a knotted 5-chain. Our next two theorems spell out exactly what must be true of the edge lengths in order for this type of knotted 6-chain to exist. Since all the lengths are positive, the inequality l 5 ≥ l 2 +l 3 +l 4 implies l 5 > l 2 while l 2 ≥ l 3 + l 4 + l 5 implies l 2 > l 5 . Therefore, for a fixed set of edge lengths l 1 , l 2 , l 3 , l 4 , l 5 , l 6 , the set Ch 6 (l 1 , l 2 , l 3 , l 4 , l 5 , l 6 ) can contain either outer trefoils or reverse outer trefoils, but not both. For that reason only two classes of outer trefoils are counted in Theorem 2.2 even though we have identified and named four different kinds of outer trefoils.
Stuck trefoils.
A somewhat more interesting type of 6-chain is formed by adding the sixth edge in such a way that it pokes back through the knot formed by the first five edges.
Definition.
A stuck trefoil is a 6-chain such that the first five edges form a knotted 5-chain and the sixth edge is added in such a way that it cannot be isotoped to lie in a straight line with the fifth edge. A reverse stuck trefoil is a 6-chain such that the last five edges form a knotted 5-chain and the first edge is added in such a way that it cannot be isotoped to lie in a straight line with the second edge. A stuck trefoil is just like an outer trefoil except that the final edge cannot be isotoped to line up with the edge to which it is attached. Note that the definition is stated in such a way that a stuck trefoil cannot be isotopic to an outer trefoil. There are again four different types of stuck trefoils because we could start with either a right-or left-handed trefoil and add the extra edge at either the beginning or the end. It might at first appear that there are twice that number of stuck trefoil classes because the last edge can poke back through two different regions of the trefoil formed by the other five edges, but we will see that these apparently different 6-chains are actually isotopic. 4 , l 5 , l 6 ) does contain reverse outer trefoils.
It follows that Ch 6 (l 1 , l 2 , l 3 , l 4 , l 5 , l 6 ) can contain stuck trefoils only if it also contains outer trefoils. The converse, however, is not true. That is not surprising since it is clear from the diagrams that the only way the last segment can be stuck is if it is relatively long. These considerations indicate that there is no simple answer to the question of how many distinct equivalence classes are in Ch 6 (l 1 , l 2 , l 3 , l 4 , l 5 , l 6 ); the answer varies, depending on the relative lengths of the segments.
The theorems for stuck trefoils are the first we have stated in which the inequalities are not sharp. When we prove the theorems we will see that it is possible to sharpen the inequalities just a little from those stated (to give a better result in case l 4 is relatively long), but we have not been able to find one set of inequalities that is both necessary and sufficient for the existence of stuck trefoils.
Inner trefoils.
The final way to form a 6-chain from a knotted 5-chain is by subdividing one of the inner edges.
Definition. An inner trefoil chain is a 6-chain that is formed from a trefoil 5-chain by subdividing one of the interior edges. In other words, a 6-chain is an inner trefoil if two consecutive inner edges can be isotoped to lie in a straight line and the resulting 5-chain is a knotted chain. 3.5. Ordinary figure-eights. We now turn our attention to figureeights. There are up to six different figure-eight chains and we divide them into two classes. The chains in the first class are called ordinary figure-eights because they are relatively easy to work with and they are the figure-eights we expected to find. The ordinary figure-eight 6-chains behave like the trefoil 5-chains in that they can be stretched out so that all the edges are roughly parallel, while the special ones cannot be straightened. As a result of that fact, the edge-length inequalities that govern their existence are quite different in the two cases.
Definition. An ordinary figure eight is a 6-chain that is isotopic to one of the chains shown in Figure 5 . Definition. A special figure-eight is a 6-chain that is isotopic to one of the chains shown in Figure 6 . A chain obtained by reversing the labels on the edges in Figure 6 is called a reverse special figure-eight. Figure 6 . A figure-eight special chain and it mirror image
contains nontrivial special figure-eight chains that are not isotopic to ordinary figure-eight chains.
The knotting of the special figure-eights is much tighter than that of the ordinary figure-eights and they can be knotted even if the edges do not satisfy the edge-length constraints necessary for the existence of ordinary figure-eights. Our inequalities only hint at this: notice, for example, that the inequality l 1 ≥ l 2 +l 3 +l 5 does not contain l 4 as might be expected. Thus it is possible for a special figure-eight to be knotted even though the associated ordinary figure-eight is not knotted. We suspect that much better inequalities are possible, but have not been able to prove that. Our suspicion is based on extensive experimentation with physical models. For example, we have not been able to unknot a special figure-eight with edge lengths (2,1,1,2,1,3). We have been able to prove the following theorem which gives sufficient conditions for unknotting a special figure-eight. The presence of nonlinear inequalities makes us suspect that the conditions are not necessary.
and
then every special figure-eight in Ch 6 (l 1 , l 2 , l 3 , l 4 , l 5 , l 6 ) can be isotoped to the trivial chain.
There are comparable theorems about reverse special figure-eights. Their statements are obtained by simply replacing l i with l 7−i in the two theorems above. In order for Ch 6 (l 1 , l 2 , l 3 , l 4 , l 5 , l 6 ) to contain special figure-eights it is necessary that l 4 ≥ l 2 + l 3 while reverse special figureeights exist only if l 3 ≥ l 5 + l 4 . Hence Ch 6 (l 1 , l 2 , l 3 , l 4 , l 5 , l 6 ) can contain either special figure-eights or reverse special figure-eights, but not both. For that reason only two classes of special figure-eights are counted in Theorem 2.2.
3.7. Conclusions. The theorems stated in this section deal with each type of 6-chain separately. They can be used in combination with each other to determine Ch 6 (l 1 , l 2 , l 3 , l 4 , l 5 , l 6 ) in many cases. We give three examples of the kinds of results that can be proved. The first corollary tells us that chains with all segments of roughly equal lengths cannot be knotted; in order for a chain to be knotted, one of the segments must be more than twice as long as one of the others. In order to normalize the lengths, we assume in the corollary that every edge has length at least 1.
contains only one equivalence class, the trivial class.
At the other end of the range of possibilities, we give an example of edge lengths for which all 13 possible types occur. There are many possibilities between the two extremes. Here is one. 
The configurations
In this section and the next we develop the tools that will allow us to prove that every 6-chain is isotopic to one of the ones we have identified.
Definition. Let x be a 6-chain with vertices v 1 , v 2 , . . . , v 7 and edges e 1 , e 2 , . . . , e 6 . Choose a 2-sphere S 2 that has center at v 2 and whose radius is large enough that S 2 contains x in its interior. Let Π :
Configurations were introduced by Cantarella and Johnston [4] to study 5-chains. Configurations work well as a tool for studying chain isotopy because they capture the freedom we have to move the first and last vertices around in space while still keeping the edges rigid. What we are calling the configuration is actually the complement in S 2 of the usual configuration space for e 1 .
The configuration is a subset of the 2-sphere. It contains one distinguished point, which is the projection of e 2 − {v 2 }. This distinguished point will be indicated by a large dot (•) in the figures. We will always assume that the chain is in general position, 2 so the projections of the other four edges appear as great circle segments on the sphere. Each of those great circle segments will have length less than half that of a great circle. For the sake of simplicity we will usually draw them as straight lines in the plane. In some proofs, however, the geometry of the sphere is important; in those cases we draw diagrams that accurately portray the fact that the edges in a configuration are curved.
We want to use configurations to systematically identify all classes of 6-chains. Because the configuration consists of four segments on a 2-sphere, it cannot be too complicated and there are not too many possible configurations. The chain itself is an embedded arc in R 3 , but intersections between the edges may be introduced when we project onto S 2 . We will classify configurations by the number of such intersections.
Definition. There are just three possibilities for intersections between edges in a configuration: edge 3 intersect edge 5, edge 3 intersect edge 6, and edge 4 intersect edge 6. We will name such intersections Types a, b, and c, respectively.
Zero-crossing configurations.
Definition. An open configuration is a configuration with no crossings.
Open configurations are obviously the simplest configurations. We will prove later that any 6-chain with an open configuration is unknotted. 
Type a
Type c Type b1
Type b2 The configurations shown in the four columns of Figure 8 will be called Type a triangles, kites (b1), darts (b2), and Type c triangles, respectively. For each of these four kinds of one-crossing configurations, there are two orientations possible; these are shown in the two rows of the figure. Since the configuration is a subset of S 2 , the two orientations must be considered different configurations.
Kites and the darts are actually the same because we are working on S 2 where there is no well-defined inside or outside for a quadrilateral. We give these configurations different names only so that we can refer to them more easily. Note that the kites are not necessarily convex; we will call a configuration a kite if the • appears on the outside of the quadrilateral as drawn in the plane. The triangles do have well-defined interiors. For example, a Type a triangle has the projection of e 4 as one edge while the other two edges of the triangle are contained in e 3 and e 5 . In order for the projections of e 3 and e 5 to intersect, they must both lie on the same side of the great circle determined by e 4 . One of the two regions on S 2 that are bounded by the triangle is also entirely in that hemisphere; we define it to be the interior of the triangle. Note that the • is on the outside of the triangle. Similar considerations apply to Type c triangles.
We are moving towards a classification of chains based on a classification of configurations. The two types of triangles are useful in this classification. In fact we will see that a Type a triangle corresponds either to the unknot or an outer trefoil (depending on where e 1 is and on relative edge lengths) while a Type c triangle corresponds to either the unknot or an inner trefoil. The kites and darts, on the other hand, are ambiguous. So we wish to eliminate them. In order to do so, we perform an isotopy on the 6-chain.
If the configuration is of Type b, perform the following isotopy to the 6-chain. Keep edges 1 through 5 fixed and rotate e 6 by keeping v 6 fixed and moving e 6 in a plane that is parallel to e 3 . Rotate away from the • towards v 4 . Keep rotating until the crossing is eliminated, changed to Type c, or a new crossing is introduced. The various possibilities are illustrated in Figure 9 . After the isotopies in Figure 9 we are left with just two types of onecrossing configurations. They both are triangle configurations: the Type a triangle, and the Type c triangle. Each of them comes in two orientations, for a total of four one-crossing configurations remaining.
4.3. Two-crossing configurations. In order to classify two-crossing configurations, we encode them as follows. Begin at v 3 (the • in the diagram) and travel along the edges noting any crossings in the order in which they occur. Since edge 6 intersecting edge 4 can only be recorded after edge 3 has been traversed, c can only come at the end of a configuration type. Thus ca and cb are impossible, leaving Types ab, ba, ac, and bc.
A closer look reveals that Type ac is also impossible. Suppose that the projection of edge 3 intersects the projection of edge 5. Then both projections lie in the same hemisphere determined by edge 4. If the projection of edge 6 were to intersect the projection of edge 4 without crossing the projection of edge 3, it would have to cross the great circle determined by edge 4 twice. But that is impossible since the projection of a straight edge will always be less than half a great circle. (See Figure 10. Figure 10. Type ac configurations are impossible crosses edge 6, it will create a triangle whose sides are contained in Π(e 4 ∪ e 5 ∪ e 6 ). The • will either be inside or outside that triangle.
When it is outside we will classify the configuration as Type bc1 and when it is inside we will classify the configuration as Type bc2. All of the two-crossing configurations are shown in Figure 11 .
Type ab Type ba Type bc1 Type bc2 Figure 11 . Two-crossing configurations
Configurations of Types ba and bc1 will be called bow ties for obvious reasons. To differentiate between the two of them, Type ba will be called a "bad bow tie" and Type bc1 will be called a "good bow tie." The reason for these names will become apparent later. Notice that Type bc2 is one of the configurations that arose when we eliminated one-crossing darts.
The Type ab configuration is one of the ambiguous types, so we eliminate it. The isotopy is essentially the same as that used to eliminate one-crossing configurations of Type b. It is illustrated in Figure 12 .
Note that a Type ab configuration is replaced by either a one-crossing configuration of Type a or a three-crossing configuration.
Type ab
Type a Type abc Type ab A closer look reveals that bac is impossible. Suppose a configuration includes crossings of Type ba. The great circle defined by edge 6 separates the sphere into two hemispheres. Since edge 3 crosses edge 6, vertices 3 and 4 are in opposite hemispheres determined by edge 6. Edge 3 crosses edge 5 after edge 6, so edge 5 must lie entirely in the same hemisphere as vertex 4. In particular, vertex 5 must lie in the same hemisphere as vertex 4. Since both endpoints of edge 4 lie in the same hemisphere, edge 4 itself must lie in that hemisphere. Thus ba cannot be followed by c and abc is the only possible three-crossing type. Summary. In this section we have shown that every 6-chain can be isotoped so that its configuration is one of the following six types.
1. Type a (triangle) 2. Type b (also a triangle) 3. Type ba (bad bow tie) 4. Type bc1 (good bow tie) 5. Type bc2 (two-crossing dart) 6. Type abc (star) While configurations are useful in starting our classification of 6-chains, they give only a limited amount of information about how the chain is embedded. In the next section we will incorporate more information into the configuration so that it reveals more about the embedding of the chain.
The representations
In this section we make two modifications to the configuration. The result is something we will call a representation. A representation is similar to a configuration, but it encodes all the information needed to characterize a chain. The first thing we will do is take Π(x − {v 2 }) instead of Π(x − e 1 ).
Definition. Let x be a 6-chain with vertices v 1 , v 2 , . . . , v 7 and edges e 1 , . . . , e 6 . Let S 2 be a 2-sphere that is centered at v 2 and is large enough to contain x. The extended configuration is defined by κ(x) = Π(x − {v 2 }). It is the result of applying Π directly to all of x without deleting the first segment. Both Π(e 1 − {v 2 }) and Π(e 2 − {v 2 }) appear as points in κ(x). In order to distinguish them, Π(e 1 − {v 2 }) will be indicated by " * ", and Π(e 2 − {v 2 }) will again be indicated by "•".
Definition.
A region of a configuration is a connected component of S 2 − C(x). Every configuration has at least one region (open configuration) and at most four (star configuration).
The extended configuration κ(x) looks identical to C(x) except that it has an * in one of the regions. We are free to move * around within the region since doing so corresponds to swinging e 1 around like an arm, keeping v 2 fixed. As long as * stays inside a region, e 1 will not run into any of the other edges of x.
Both C(x) and κ(x) are subsets of S 2 , so they do not encode complete information about how the chain is knotted in R 3 . The representation adds that information. Proof. Suppose that the first and third crossing are either both positive or both negative as in Figure 19 . Then the second crossing could either be positive or negative. Suppose that it is the same as the other two. In the all-positive case, vertex 3 is above the plane defined by vertices 4, 5, and 6 because edge 3 crosses over edge 5 which is part of the plane. Vertex 7 is below the plane because edge 6 crosses under edge 4 which is part of the plane. But for the second crossing to be positive, edge 3 must go under edge 6. Since edge 3 is above the plane, and edge 6 is below, this is impossible. The all-negative case is ruled out in the same way.
Definition. A representation R(x)
The Lemma rules out two of the eight combinations of crossings, but the remaining six combinations are all possible. There are four 
Reducing the number of representations
In the previous section we identified a total of 137 different representations and along the way we have proved that every 6-chain has one of those representations. In this section we reduce the number of representations we must consider down to a more manageable size. We begin with two general lemmas that together eliminate over half the representations. After that we begin to systematically work through our lists of representations.
Lemma 6.1. If a 6-chain has a representation that is a star, a bad bow tie, or a Type a triangle and both * and the point antipodal to • lie in the same region of the representation, then the chain is trivial.
Proof. If * and the point antipodal to • are in the same region, then e 1 can be swung around to line up with e 2 . In the case of a bad bow tie or a star, the projections of edges 4, 5, and 6 all intersect the projection of edge 3. Consider the great circle determined by the projection of e 3 . It contains two semicircles joining • to its antipodal point. One of those semicircles will entirely miss the projections of edges 3 through 6. We can swing edges 1 and 2 through this semicircle and line them up with edge 3. (This is illustrated in Figure 21 for the case of a bad bow tie. The dashed circle in the figure is the great circle in S 2 determined by the projection of e 3 .)
The operation described above reduces the chain to a 4-chain. Such chains are all trivial by [4] .
In the case of the Type a triangle, we may encounter edge 6 when we swing edges 1 and 2 around to line up with edge 3. But edge 6 has a free end, so we can just go around it.
The next lemma eliminates two thirds of the bow ties. It amounts to making a Type 1 Reidemeister move on the chain. But first some terminology is needed.
Definition. In a bow tie representation, the triangular region that is connected to the free edges will be called the inner triangle, and the triangular region that touches only the other triangle be called the outer triangle. The remaining representations will be dealt with one by one. We will go through them systematically and perform isotopies that reduce most of them to less complicated representations. When we are done, we will be left with a small collection of "irreducible" representations. In the next section we will relate those irreducible representations to the equivalence classes of chains that were described in §3.
Lemma 6.2 (The Bow Tie Lemma). If * is in the inner triangle of a bow tie representation or if * is outside both triangles of a bow tie representation, then the chain can be isotoped so that it has either an open configuration or a Type
The isotopies must be performed carefully in order to avoid passing one edge through another. We can state two rules that spell out what to avoid. First, never pass an edge either over or under the * because the * represents an edge (edge 1) that is pointing straight along the line between the * and our eye. That edge may be very long and if we pass an edge over or under * we risk running into the edge. Second, never pass an edge over the •. The reason for this is that edge 2 points from the • straight towards us. We may pass an edge behind the • if we know that that entire edge is behind vertex 3 or we may pass the • over an edge.
Figures 23, 24, 25, and 26 show how to reduce a large number of the representations. A given representation is shown, and an arrow is used to indicate which move is to be made. The arrow directs which edge should move, and in which direction. That edge is free to move in the direction in which the arrow is pointing until it moves past an edge or vertex. This will change the representation into a simpler one. If another move can be made on the simplified representation, that should be done. In the case of stars, for example, many of the indicated moves change them into bow ties. Once the representation has been changed into a bow tie, any indicated move for that bow tie should be performed. 
Classifying the irreducible representations
In this section we go through the list of irreducible configurations and identify the knot types that correspond to each of them. 
Theorem 7.1. If x is a 6-chain and C(x) is open, then x is a trivial chain.
Proof. The first step is to get e 6 out of the way so that we see only three segments in the configuration. For each i, 3 ≤ i ≤ 6, define the fin F i to be the union of all rays from v 2 through a point in e i . Notice that F i is the closed planar set between the two rays −→ v 2 v i and −−−→ v 2 v i+1 . The fact that the configuration is open means that the interiors of the F i are disjoint. Swing e 6 through F 6 so that it becomes a subset of − − → v 2 v 6 .
If \v 6 v 2 v 7 and \v 2 v 6 v 7 both have measure less than 90
• , then it will be possible to swing e 6 so that it points straight towards v 2 . Otherwise, swing it until it points straight away from v 2 . Now C(x) consists of the projections of the three segments e 3 , e 4 , and e 5 . We want to rotate 4 . If the projections of e 3 and e 5 lie on opposite sides of the great circle in S 2 determined by e 3 , then there is no obstruction to doing this. If both projections lie on the same side, we must to careful about the order in which this is done because there is a risk that F 3 and F 5 might collide during the isotopy. Since e 3 and e 5 each project to less than half a great circle, either e 3 will be disjoint from the great circle determined by e 5 or e 5 will be disjoint from the great circle determined by e 3 . In the first case, rotate F 5 first and then rotate F 3 . In the other case, reverse the order.
The result of the isotopies described in the preceding two paragraphs is that all of x except for e 1 lies in the plane of The correspondence between representation and knot type is easily established by building a physical model. The important consideration is determining conditions on the edge lengths that allow the chain to be unknotted. Proof. Both parts of this theorem follow from the results of [4] , although they could also be proved using the techniques developed later in this section. If l 1 < l 2 + l 3 + l 4 or l 5 < l 2 + l 3 + l 4 , then the first five segments can be unknotted by [4] . That isotopy can be extended to an isotopy of x to a trivial chain. Notice that if the projection of e 6 is eliminated from the Type a triangle representation, then it becomes the representation of a trefoil 5-chain. If l 1 ≥ l 2 +l 3 +l 4 and l 5 ≥ l 2 +l 3 +l 4 , then the first five segments form a knotted trefoil 5-chain by [4] . It is clear from the representation that e 6 can be isotoped to line up with e 5 , so x is an outer trefoil.
The following theorem has a similar proof. It should be noted that every outer trefoil 6-chain and every reverse outer trefoil chain is a nontrivial chain since it contains a nontrivial 5-chain. It follows from the way in which the various types of 6-chains were defined in §3 that no outer trefoil or reverse outer trefoil chain is isotopic to a chain of any of the other types identified in that section. Furthermore, the right and left outer trefoil cannot be isotopic to each other since the right and left trefoil 5-chains are not isotopic. In the same way the right and left reverse outer trefoils represent distinct equivalence classes. Thus, for any fixed lengths l 1 , . . . , l 6 , Ch 6 (l 1 , l 2 , l 3 , l 4 , l 5 , l 6 ) will either contain no equivalence classes of either type, or two outer trefoils and no reverse outer trefoils, or no outer trefoils and two reverse outer trefoils. 7.3. Inner trefoils. The Type c triangles correspond to inner trefoil chains. The inner trefoils are symmetric in the sense that the reverse of an inner trefoil is also an inner trefoil and the configuration for the reverse chain will be a Type c triangle. It may be necessary to do an isotopy like the first one illustrated in Figure 9 in order to achieve this symmetry in the configurations.
is an irreducible Type c triangle. If l 1 < l 2 + l 3 + l 4 + l 5 or l 6 < l 2 +l 3 +l 4 +l 5 , then x is isotopic to the trivial chain. If l 1 ≥ l 2 +l 3 +l 4 +l 5 and l 6 ≥ l 2 + l 3 + l 4 + l 5 , then x is an inner trefoil chain.
Rotate e 3 about v 4 until it is aligned with e 4 . This isotopy leaves edges 4, 5, and 6 fixed and can be extended to edges 1 and 2. We can think of the resulting chain as being a 5-chain with edges 3 and 4 combined into one. This 5-chain satisfies the inequalities of [4] and can therefore be unknotted.
Suppose, conversely, that x is chain isotopic to a trivial chain. If we watch this isotopy from the perspective of v 2 we will see the representation change from a Type c triangle to something else. The only way such a transition can take place is if one vertex passes in front of or behind an edge. Passing v 4 behind e 5 does not result in any essential change. The only other transitions that are possible are that v 7 passes in front of either e 3 or e 4 or that v 1 (which is represented by the * in R(x)) passes in front of a point on one of edges 3 through 6.
If v 1 passes in front of a point P on e 3 , e 4 , or e 5 , then the distance from v 2 to v 1 must be less than the distance from v 2 to P . Thus l 1 < l 2 + l 3 + l 4 + l 5 . If v 1 passes in front of a point on e 6 , the same inequality must hold. The reason is that one vertex of e 6 is on e 5 while another point of e 6 is in front of a point of either e 3 or e 4 . Thus there are two points on e 6 whose distance to v 2 is bounded by l 2 + l 3 + l 4 + l 5 . Since v 1 must pass in front of a point that is between those two, the distance from v 2 to v 1 must also be less than l 2 + l 3 + l 4 + l 5 .
Finally, suppose v 7 passes in front of either e 4 or e 4 . At that instant, v 7 is in the interior of either the triangle formed by v 2 , v 3 , and v 4 . or that formed by v 2 , v 4 , and v 5 . In either case, the distance from v 6 to v 7 , which is l 6 , must be less than l 5 + l 4 + l 3 + l 2 . This follows from the triangle inequality and the fact that the distance from one vertex of a triangle to any interior point is less than the sum of the lengths of two consecutive edges. The two possibilities are illustrated in Figure 30 .
Remark. It is not necessary to apply the results of [4] in the first part of the proof above. A reader who has not read [4] will probably prefer to work out a proof using the techniques we develop for ordinary figure-eights later in this section. This can be done because the Type c triangle and the good bow tie share the property that it is possible to slide crossings along e 6 . 7.4. Stuck trefoils. The third type of trefoil chains, the stuck trefoils, are more delicate than the other types of trefoils. There are actually four different irreducible representations that represent stuck trefoils as well as four that represent reverse stuck trefoils. All of them are shown in Figure 31 Figure 30 . v 7 passes through one of the triangles stuck trefoils while the darts represent reverse stuck trefoils. The fact that each of the representations shown represents a stuck trefoil or a reverse stuck trefoil can be verified by constructing a model. We will prove in Lemma 7.5 that the two pairs in the top row are isotopic as are the two pairs shown in the second row. We will prove in Theorem 7.6 that they are truly stuck when l 1 , l 5 , and l 6 are large relative to the other lengths. Proof. We will show that the two darts in the first row are isotopic to each other. To do this we will show that the * in the dart can be moved from the quadrilateral region into the upper left triangle and vice versa. We first convert the two-crossing dart into a one-crossing dart and then pass the * through the gap. The motions are shown in The next theorem is quite complicated because there are several different cases to consider. It says that a chain whose representation is one of the ones we are considering could be trivial, an outer trefoil, or a stuck trefoil. In order to be knotted (one of the two trefoil types), edges 1 and 5 must be relatively long. In order to be stuck, edge 6 must also be relatively long. There is also an analogous theorem for reverse stuck trefoils. 4 , then x is either an outer trefoil or a stuck trefoil chain. 4 , and either l 6 < l 5 − l 4 + l 3 + l 2 or l 6 < l 5 + l 4 and l 4 < l 2 + l 3 , then x is an outer trefoil chain.
x is a stuck trefoil.
Proof. Throughout this proof, x is a 6-chain such that R(x) is the bad bow tie in the top row of Figure 31 . Notice that the * in R(x) can be moved into the corner near v 4 and edges 3 and 4 can be nearly straightened out. In the same way, edge 2 can also be made to nearly line up with edge 3. Once this is done, edges 2, 3, and 4 will approximate a straight line. If l 1 < l 2 + l 3 + l 4 , then edge 1 will not quite reach all the way from v 2 to v 5 and so it can be slipped out of the outer triangle of the bad bow tie. Then x is trivial by either Lemma 6.1 or Lemma 6.2. If l 5 < l 2 + l 3 + l 4 , then v 6 can be slipped past v 2 to open up the representation. In either case, x is trivial and so the proof of Part 1 is complete.
Removing the projection of e 6 from R(x) leaves the representation for a trefoil 5-chain. If l 1 ≥ l 2 + l 3 + l 4 and l 5 ≥ l 2 + l 3 + l 4 , then this trefoil 5-chain is knotted by [4] (or by an argument just like that in the proof of Theorem 7.4). Therefore x must be either an outer trefoil or a stuck trefoil, depending on whether or not e 6 can be lined up with e 5 . This proves Part 2 of the theorem.
We now turn our attention to conditions under which e 6 can be lined up with e 5 . Keep edges 2 and 3 approximately lined up, but swing edges 4 and 5 around so that they double back on the preceding edge. This motion leaves edges 2, 3, 4, and 5 approximately in a straight line, but the angle at v 3 measures approximately 180
• while the angles at v 4 and v 5 are nearly zero. If l 6 < l 5 − l 4 + l 3 + l 2 , then it will be possible to slip v 7 past v 2 and reduce R(x) to a Type a triangle. On the other hand, if l 4 < l 2 + l 3 , then edges 2, 3, 4, and 5 can be lined up so that the angles at v 3 and v 5 both measure approximately 180
• while the angle at v 4 is small. If it is also true that l 6 < l 5 + l 4 , then it will be possible to slip v 7 past v 4 and again reduce R(x) to a Type a triangle. This proves Part 3 of the theorem.
Suppose, finally, that
, and x is an outer trefoil. Then there is an isotopy of x that aligns edge 6 with edge 5. This isotopy will transform R(x) into a Type a triangle. As already noted, the inequalities imply that the representation of the 5-chain obtained by deleting e 6 from x is rigid and cannot be changed in any way. Thus the only way R(x) can be transformed into a Type a triangle is if v 7 passes in front of one of the other edges. As is shown in Figure 30 , that would imply that l 6 < l 5 + l 4 + l 3 + l 2 . This completes the proof of the last part of the theorem. 7.5. Ordinary figure-eights. The two good bow ties represent ordinary figure-eight chains. The reverse ordinary figure-eight chains are represented by two of the irreducible bad bow ties. The pairings between the ordinary figure-eights and the associated reverse ordinary figure-eights are illustrated in Figure 33 . The fact that these are representations of ordinary figure-eights is easily verified by building physical models. We will focus on the question of whether or not a chain with one of these representations can be isotoped to some other type of chain. * * * * Figure 33 . The ordinary figure-eights and the associated reverse ordinary figure eights
The following theorem is quite complicated because the representations in Figure 33 can actually correspond to three different classes of chains, depending on the relative edge lengths.
is an irreducible good bow tie.
x is an ordinary figure-eight chain and its representation cannot be changed to any of the other irreducible representations.
x is both an ordinary figure-eight chain and a special figure-eight chain; its representation can be changed to a dart but cannot be changed to any other irreducible representation.
is one of the bad bow ties shown in Figure 33 .
x is a reverse ordinary figure-eight chain and its representation cannot be changed to any of the other irreducible representations.
x is a reverse ordinary figure-eight chain and a reverse special figure-eight; its representation can be changed to a star but cannot be changed to any other irreducible representations.
The proofs depend on the following lemmas. The first lemma explains what is good about a good bow tie representation: it can be stretched out until it is nearly straight. The second lemma shows that the good and bad bow ties are associated by reversing orientation. Align the edges so that e 2 is parallel with the y-axis, e 3 is the x-axis, and e 5 is parallel with the z-axis. Now rotate the chain 90
• about the x-axis so that e 3 remains fixed. The y-axis rotates into the negative z-axis, and the z-axis rotates into the y-axis. The third diagram shows this rotations when it is nearly complete. The fourth diagram shows the chain as viewed from v 6 . This is the representation for the reversed chain.
Proof of Theorem 7.7. Suppose, first, that l 1 < l 2 + l 3 + l 4 + l 5 or l 6 < l 2 + l 3 + l 4 + l 5 . Stretch out the chain using the Stretching Lemma. If l 1 < l 2 + l 3 + l 4 + l 5 , then e 1 will slip past v 6 and the chain will unknot. If l 6 < l 2 + l 3 + l 4 + l 5 , then e 6 will slip past v 2 and again the chain will unknot. This proves Part 1 of the theorem. Now suppose that x is a 6-chain such that R(x) is the good bow tie shown on the left in Figure 33 and that x is isotopic to a 6-chain that has a different representation. We can watch the isotopy from the perspective of v 2 . At some time we will see the first change take place in the representation. At that instant one of the vertices of the chain will pass in front of or behind one of the edges. An examination of the good bow tie shows that there are only three ways in which this can happen: either v 1 will pass in front of one of the edges e 4 , e 5 , or e 6 , or v 7 will pass in front of e 3 , or v 3 will cross the line determined by e 4 . The proof is completed using the same kind of reasoning as in the proof of Theorem 7.4. In particular, if v 1 passes in front of e 4 , e 5 , or e 6 , then l 1 < l 2 + l 3 + l 4 + l 5 and if v 7 passes in front of e 3 , then l 6 < l 2 + l 3 + l 4 + l 5 by exactly the same proof as before. If v 3 crosses the plane of e 4 , then v 5 must pass through the triangle determined by v 2 , v 3 , and v 4 . This implies that l 4 < l 2 + l 3 and the proof of the second part of the theorem is complete.
Finally, suppose l 4 < l 2 + l 3 . It is then possible to move v 3 past the plane of e 4 . This converts the good bow tie into a star representation. We will show in the next section that the star corresponds to a special figure-eight and that the inequalities we are assuming imply that no further changes to the representation are possible. This completes the proof of the theorem.
The proof of the theorem about reverse ordinary figure-eights is similar to that above.
Remark. The preceding proof shows that if l 1 ≥ l 2 + l 3 + l 4 + l 5 and l 6 ≥ l 2 + l 3 + l 4 + l 5 , then there are four distinct classes of ordinary figure-eights. If, in addition, l 4 ≥ l 2 + l 3 , then there are also two classes of special figure-eights. If l 3 ≥ l 5 + l 4 , then there are two classes of reverse special figure-eights. Thus, for any fixed lengths l 1 , l 2 , l 3 , l 4 , l 5 , l 6 , Ch 6 (l 1 , l 2 , l 3 , l 4 , l 5 , l 6 ) will contain no figure-eight classes, four ordinary figure-eight classes, or four ordinary figure-eight classes and two special figure-eight classes.
7.6. Special figure-eights. The special figure-eight chains are, in many ways, the most interesting of all the 6-chains. In many cases they are isotopic to ordinary figure-eights, but they can also have an extra degree of stuckness to them that distinguishes them from ordinary figure-eights. It is almost correct to say that the remaining star and dart configurations correspond to special figure-eight chains and reverse special figure-eight chains. The catch is that there is one further reduction that can sometimes be made to the remaining darts that is independent of edge lengths. We must deal with that subtlety first, before we can analyze the remaining representations.
Definition.
A dart is reduced if v 2 and v 3 lie on opposite sides of the plane determined by e 4 and e 5 .
The configurations shown in Figure 27 include four darts. It is clear from the patterns of crossings that only one of them can fail to be reduced in the sense just defined. Suppose the remaining dart is not reduced; i.e., it has the property that v 2 and v 3 lie on the same side of the plane determined by e 4 and e 5 . We can rotate e 2 , keeping e 3 fixed, until the • appears to cross over e 5 and the dart turns into a bow tie. This reduction is illustrated in Figure 36 . * * * Figure 36 . Reducing a dart to a bow tie
We will assume from now on that any unreduced dart has been transformed into a bow tie as in Figure 36 and so the only darts that remain are reduced. It is then correct to say that the two remaining stars correspond to special figure-eight chains and the remaining darts correspond to reverse special figure-eights. The correspondence is illustrated in Figure 37 .
The first thing we must sort out is exactly when these chains can be transformed into ordinary figure-eights. Although we have not been able to prove that one set of inequalities is both necessary and sufficient for the existence of special figure-eight chains, we can prove a theorem in each direction. The next theorem says that if l 4 ≥ l 2 + l 3 and both the first and last segments are sufficiently long, then x really is a special figure-eight. Proof of Theorem 7.11. The inequality l 4 < l 2 + l 3 corresponds to a movement of v 5 across e 3 . If the inequality holds, then e 2 and e 3 can be made to lie almost in a straight line so that there is enough room to pass v 5 through the triangle determined by e 2 and e 3 . The resulting bow tie represents an ordinary figure-eight.
Proof of Theorem 7.12. Let x be a chain such that R(x) is the star on the left in Figure 37 and suppose there is an isotopy of x that changes its representation. The first transition that occurs in R(x) must be one of the following types: the • could cross the line of e 4 , the * could cross over an edge, or v 7 could cross over an edge.
As in the preceding proof, if the • can move past the line of e 4 , then l 4 < l 2 + l 3 . If * can move over e 3 , then l 1 < l 2 + l 3 just as before. Thus l 1 < l 2 + l 3 + l 5 .
If * moves across e 5 during the isotopy, then there is an instant when e 1 lies in the triangle determined by v 2 , v 5 , and v 6 . There is also a point P on e 5 such that P is between v 2 and a point Q on e 3 . (Refer to the left-hand diagram in Figure 38 .) Thus
where d is the distance function. If * moves across e 6 first, it must move across the portion of e 6 that is between v 6 and a point that lies over a point of e 3 . Since the inequality is satisfied at both ends of this portion of e 6 , it is satisfied throughout. Thus l 1 < l 2 + l 3 + l 5 if * can move across any edge. Suppose, finally, that v 7 crosses over one of the edges e 3 or e 4 . Before that can happen, v 7 must pass through the interior of the triangle determined by e 3 ∪ e 4 . This situation is illustrated in the right-hand diagram of Figure 38 . If v 7 is in the interior of the triangle, then l 6 < l 5 + l 4 + l 3 . This completes the proof.
Proof of Theorem 7.13. The inequality l 1 < l 2 + l 3 corresponds to a move that takes the * and moves it across edge 6. Push e 6 into the corner of the triangle near v 4 and move e 2 so that it is roughly aligned with e 3 . If l 1 < l 2 + l 3 then it will be possible to move * across e 6 in the vicinity of v 4 .
The inequality l 6 < l 5 corresponds to slipping v 7 under e 4 in the vicinity of v 5 .
Move edges 2 through 5 so that edges 2 and 3 roughly line up, edge 4 doubles back and edge 5 is again roughly aligned with edges 2 and 3. If l 1 < l 5 − l 4 + l 2 + l 3 , then it will possible to slip * out of the corner near v 6 .
A final way to unknot x is to slip v 7 out the corner at v 4 . We will show that the inequalities in the last two parts of the theorem allow us to do that. Observe, first, that e 5 must intersect the triangle formed by v 2 , v 3 , and v 4 . Therefore the distance from v 4 to e 5 is less than l 2 + l 3 . By lining up e 2 and e 3 and moving e 5 as far away from v 4 as possible, we can arrange that the distance from v 4 to e 5 is approximately l 2 + l 3 . Thus the inequalities in Part 5 of the theorem also allow us to slip v 7 past v 4 to unknot x.
We have shown that the inequalities in each part of Theorem 7.13 imply that x can be unknotted, so the proof is complete. 
